(n + 3)-Coloring the n-Sphere
Joel Clarke Gibbons
Abstract. We address a combinatorial proposition for the n-sphere and a corresponding proposition in inversive geometry on the n-sphere, and demonstrate the intimate connection between them. Specifically, in terms of combinatorial geometry, we show that any coloring of the n-sphere by n + 3 colors
must (n + 2)-color some (n − 1)-sphere. In regard to inversive geometry, we
characterize the structure of the class of smallest subsets of the n-sphere that
has the property that if T is a well-defined function of the n-sphere that
preserves (n − 1)-spheres and if the image of T contains a member of this
class, T must be an inversive transformation. Lastly, we demonstrate that the
combinatorial theorem is equivalent to the theorem that defines this class of
sets.
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1. Introduction
Conventionally a coloring of a manifold is a partition into well-defined, non-empty
sets. The cells of the partition—the colors—are not restricted in any other way. The
cardinality of the coloring is the index set of the partition, and is often appended
to the description of the coloring, so an m-coloring of the n-sphere is a partition
of S n into m sets. The following is true for all n ≥ 2.
Theorem 1. Any (n + 3)-coloring of S n must at least (n + 2)-color some (n − 1)sphere.
Under the same conditions, there is a nested tower of spheres such that the
sphere of dimension k is (k +3)-colored, for k = 2, 3, ..., (n−1). In particular, there
is a 4-colored circle. This follows trivially. Conversely, Theorem 1 is equivalent to
the proposition that an (n+3)-coloring must four-color some circle because starting
from a four-colored circle one “can for any k build up to a (k + 3)-coloring of a ksphere that contains the circle. The process starts from the four-colored circle, and
chooses a point off the circle representing a fifth color. The two-sphere spanned by
the circle and the point is a five-colored two sphere. Proceed to higher dimensions
by iterating this construction.
These propositions address the Combinatorial Geometry of the sphere, and
are related to well-known results of Erdös [3]. The logic of this theorem and of
Erdös’ findings in Euclidean Ramsey Theory are more in the nature of dual than
parallel. Nonetheless, it would be fair to characterize Theorem 1 as being a proposition in Geometrical Ramsey Theory. Euclidean Ramsey Theory addresses the
following problem. Consider a four-tuple (H, X, m, n), where H is a subgroup of
the non-singular affine group of Rn , X is a finite subset of Rn , and m is the cardinality of a coloring of Rn . The four-tuple is said to have the Ramsey property
if the orbit of X under H necessarily contains a monochromatic set, for every
coloring of cardinality m. Euclidean Ramsey Theory consists of discovering and
characterizing such four-tuples. To translate this framework onto the sphere, we
simply replace the affine group by the inversive group. Now Theorem 1 can be
expressed in analogous terms in the following way.
Let H be a subgroup of the inversive group of S n , let X be a subset of the
sphere, and let m be an integer which is the cardinality of a coloring of the sphere.
An m-coloring Γ colors X and every set h(X) in the orbit of X under H, for h ∈ H.
Define the incidence, k, of (Γ, H, X, m, n) as the largest cardinality of the derived
colorings of the sets h(X), and define the incidence of the four-tuple (H, X, m, n)
is the minimum of the incidence of (Γ, H, X, m, n), taking the minimum over all mcolorings Γ. In these terms, Theorem 1 asserts that when H is the entire inversive
group, X is any (n − 1)-sphere in S n , and m = n + 3, the incidence k = n + 2. This
result improves the results announced in [5], where it was proved: that for n = 2
and m = 6, 4 = k.Our main result can however be stated in a seemingly different
way, as a proposition in Inversive Geometry. Specifically,
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Definition 1.1. a subset B of the n-sphere lies in general position if for any (n − 1)sphere S, the Complement of S contains at least two points of B.
Obviously, B must contain at least n + 3 points. If B lies in general position,
every set containing B lies in general position.
Definition 1.2. a map T of the n-sphere to itself is circle-preserving if for every
circle C, T (C) is contained in a circle. If T (C) is a set of three or fewer points, this
condition is met trivially. It is not assumed that the image of the four points on
C be four distinct points or that T is necessarily a continuous function.
Definition 1.3. a map T of the n-sphere is sphere-preserving if for every (n − 1)sphere S in S n , T (S) lies in an (n − 1)-sphere. The same qualification applies to
T with regard to continuity.
Sphere-preserving implies circle-preserving trivially, but the converse is by
no means trivial. The inversive group of transformations of S n consists of all the
(n − 1)-sphere-preserving bijections. Inversive transformations are of two kinds.
One kind consists of the Möbius Transformations and the other kind are the composition of a Möbius Transformation with the reflection of the sphere through the
equator. These transformations are also referred to, respectively, as homographies
and anti-homographies. The former kind are orientation preserving and the latter
kind are orientation reversing, but ignoring the direction of angles, all are conformal. The term “inversive” derives from the fact that they are factorable (but not
uniquely) into a composition of inversions through (n − 1)-spheres. The Möbius
Transformations consist of four general types: parallel translations, rotations about
an (n − 2)-sphere, dilations, and a compound of translation and dilation that expands from one point and contracts on another point.
Theorem 2. Let M be a subset of S n in general position, and let T : S n → S n
be a sphere-preserving map. If the image of T contains M, T must be an inversive
transformation.
The problem of characterizing conditions on a map T that imply that it is
an inversive transformation dates from a 1937 paper of C. Caratheodory [2]. He
demonstrated that if T is a function defined on an open region U in S 2 , into S 2 ,
and if it is 1 − 1 and preserves circles in U , then T is the restriction of an inversive
map of the 2-sphere. This result was broadened in [1], where it is shown that
it is enough to assume that T be 1 − 1 on a set consisting of three intersecting
circles. Since in both cases, the region U can be the entire sphere, the parallel
with Theorem 2 is clear. In [5] this proposition was extended in two ways. First,
the result was generalized to all dimensions, and secondly, the counterpart of the
set of three rings was replaced, in dimension n, by a finite set of 2n + 2 points in
general position.
Every inversive transformation is determined by its values on n + 2 points in
the domain in the sense that if it is given that T in an inversive transformation,
it is enough to evaluate T on a set of n + 1 points on an (n − 1)-sphere along with
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an (n + 2)nd point not on that sphere. If however we do not assume that T is a
bijection, and in fact is we do not even assume that it is a continuous function,
more information is needed. Surprisingly, only one more pair (z, T (z)) is needed,
as long as the set of n + 3 points lies in general position.
Theorem 2 admits the following corollary.
Corollary 1. Let M be a subset of S n consisting of n + 3 points lying in general
position and let T be a sphere-preserving map of the n-sphere. T is an inversive
transformation if and only if T (M ) lies in general position, so given that T is
sphere-preserving, it is sufficient to check its values on a set of n + 3 points.The
proof of the proposition will be deferred until after proving Theorem 2.
Lastly, we prove
Theorem 3. Theorems 1 and 2 are equivalent.
This proposition highlights the role of pure geometry in the combinatorial
proposition. The proof of Theorem 1 will occupy most of this paper because the
statement in terms of coloring seems to be the more tractable statement to deal
with. Theorem 1 is true for all n ≥ 2, but the proof for n = 2 and for n > 2
are different, so it will be necessary to present them separately. We cannot simply
proceed from the n = 2 case by induction on n, but once we have proved the case
n = 3, the proof generalizes easily to all higher dimensions. Accordingly, we must
treat the case n = 2 and the case n = 3 individually.

2. Preliminaries
Notation: denote the circle through points x, y, and z by (xyz), the two-sphere
through x, y, z, and w by (xyzw), and so on for all higher dimensions. Denote the
line through x and y by [xy], the plane through x, y, and z by [xyz], and so on.
Proposition 2.1. There is an (n + 2)-coloring of S n which has no (n + 2)-colored
(n − 1)-sphere, so the cardinality, (n + 3), in Theorem 1 is the minimum necessary.
Proof. Viewing the n-sphere as the extended Euclidean space, let the origin 0 use
one of the colors and ∞ use another one. Denoting the axes X1 , X3 , ..., Xn, apply
the third color to X1 − {0, ∞}, the fourth color to the remainder of the X1 − X2
plane, the fifth color to the remainder of the X1 − X2 − X3 three-space, and so on.
Any (n − 1)-sphere that does not contain the origin or the point at infinity lies in
a space that is covered by n colors. Any sphere that contains either the origin or
the point at infinity, but not both, still lies in a space covered by n + 1 colors. The
remaining (n − 1)-spheres to check are the hyperplanes through the origin. They
meet both of the first two colors, but they cannot meet all n of the colors, so they
are at most (n + 1)-colored. We demonstrate this fact in the following way.
Consider the (n−1)-dimensional hyperplane through the origin {(x1 , ..., xn) |
Σbi xi = 0} for some vector b of coefficients. If b1 6= 0, the hyperplane cannot
contain the X1 axis except for the origin, because on that axis x2 = ... = xn = 0,
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so b1 x1 = 0. If the X1 axis does not lie in the hyperplane, we are done; the
hyperplane contains no points of color three. Otherwise, we conclude that b1 = 0.
If b2 6= 0, the hyperplane cannot meet the X1 − X2 plane, minus the X1 axis,
because x3 = ... = xn = 0, so b2 x2 = 0. Proceeding inductively, we find either that
we identify the color that does not meet the hyperplane—the color corresponding
to the first non-zero b—or the b’s are all zero. If all the b’s are zero the “hyperplane”
is the entire n-dimensional space, which is a contradiction. It is possible to (n + 2)color S n without (n + 2)-coloring any (n − 1)-sphere.


3. Proof of Theorem 1 for the Case n = 2
The method of proof will be to start by supposing that a coloring exists in violation
of the theorem, to then characterize such a coloring, and from the characterization to adduce a contradiction which implies that the assumed coloring is itself
impossible. For definiteness we will refer to a five-coloring that has no four- (or
five)-colored circles as a Wild Coloring. Throughout we will use the symbols Γ and
Γi to denote the coloring and its cells, i = 1, ..., 5. First however,
The following argument hinges on a single construction. Choose points xi in
Γi , i = 1, ..., 5. The circles (x1 x2 x3 ) and (x1 x4 x5 ) intersect at two points, x1 and
another point x01 . For some choice of {x1 , x2 , x3 , x4 , x5} it cannot be ruled out a
priori that the circles are tangent at x1 , and that no x01 is available. If however
this is the case for that five-tuple, choose x02 not on (x1 x2 x3 ). If there is no such
point, Γ2 ⊂ (x1 x2 x3 ). Similarly for x3 of course, so either x02 is available or x03 is, or
Γ2 ∪ Γ3 ⊂ (x1 x2 x3 ). If either x02 or x03 is available, the circle (x1 x02 x3 ) or (x1 x2 x03 ),
resp., is transverse to (x1 x4 x5 ). Lastly, we can repeat this argument for Γ4 and Γ5 ,
but then either there are circles (x1 x2 x3 ) and (x1 x4 x5 ) which are transverse at x1
or the complement of two such circles is monochromatic, lying in Γ1 . In that case,
choose any triple {x2 , x3 , x4}. The circle (x2 , x3, x4 ) must also meet Γ1 , and we
have found a four-colored circle. Thus if we assume that no circle is four-colored,
there must be a point x1 at which (x1 x2 x3 ) and (x1 x4 x5 ) are transverse. Now, let
T be the Linear Fractional Transformation.
T (x1 ) = 0, the origin,
T (x01 ) = ∞, and
T (x5 ) = 1.
Clearly, Γ is a wild coloring if and only if T (Γ) is wild. T maps the circle (x1 x4 x5 )
to the x-axis, denoted X, and maps (x1 x2 x3 ) to a line through the origin that we
may refer to as the v-axis, V . Since the circles were not necessarily orthogonal,
these axes are not generally orthogonal. (Note the T is conformal.) Luckily, the
angle of elevation of the v-axis drops out of the calculations entirely, and presents
no problem.
The x-axis meets colors Γ1 , Γ4 , and Γ5 . The v-axis meets Γ1 , Γ2 , and Γ3 .
Designate points on the x- (v-)axis by x (resp. v), and use subscripts to designate
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colors where they are known. The construction is illustrated in the figure below.
For an arbitrary point v on the v-axis, the circle (vx4 x5 ) meets the v-axis at a
second point h(v|x4 , x5 ). If the circle is tangent to the v-axis, h(v) = v, but that
presents no problem. We need to have the exact formula for the function h. The
formula we seek is a consequence of a well-known fact:
Lemma 3.1. Let K and L be lines that cross at a point P , and let C be a circle
which meets line K, (resp. L) and let x, x0 (resp. v, v0 ) denote the distances from
P to the points where K (resp. L) meets C. If K (resp. L) is tangent to C, x = x0
(resp. v = v0 ). Orient L and M , so x, x0, v, and v0 are signed. Then xx0 = vv0 .
Proof. This is an exercise in analytic geometry. The formula for the circle gives simultaneous equations for the coordinates of the four points. The conclusion follows
from the system of equations. Refer to the following figure 1.
The lemma implies that, in terms of the parameters defined above,
h(v|x4 , x5) = x4 x5 /v.

(1)

For points v2 and v3 on V and x and k(x) on X, which are points on a circle
C,
k(x|v2 , v3 ) = v2 , v3 /x.
(2)
Furthermore, in terms of the coloring of S 2 , since x4 ∈ Γ4 and x5 ∈ Γ5 , if Γ is a
wild 5-coloring, v and h(v) must always be the same color. Equally, if v2 ∈ Γ2 and
v3 ∈ Γ3 , x and k(x) have the same color. Since Γ1 appears on both lines, if either
x or v is in Γ1 the coloring of the points on the other line is somewhat indefinite.
If for instance x is in Γ1 , then either v or v0 , or both of them, can be color in Γ1
also. In that case however it is still impossible for v ∈ Γ2 and v0 ∈ Γ3 . At most
one of those colors is possible. In what follows, let Vi = Γi ∩ V, 1 = 1, 2, 3, and
Xi = Γi ∩ X, i = 1, 4, 5.


Figure 1
Lemma 3.2. Equations 1 and 2 imply that X5 is closed under reciprocals and
multiplication. X5 is a multiplicative group, that we will hereafter denote G.
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Proof. Define functions m and n as follows:
m(v|x5 , x05 ) = h(h(v|x4 , x5 )|x4 , x05 ) = (x05 /x5 )v

(3a)

m(v|x4 , x04 ) = h(h(v|x4 , x5 )|x04 , x5 ) = (x04 /x4 )v
n(x|v2 , v20 ) = k(k(x|v2 , v3 )|v20 , v3 ) = (v20 /v2 )x
n(x|v3 , v30 ) = k(k(x|v2 , v3 )|v2 , v30 ) = (v30 /v3 )x.

(3b)
(4a)
(4b)

Since T (x5 ) = 1, 1 ∈ X5 .

m(v|1, g) = gv for all v, but from (4a) we have
n(1|v2 , v20 ) = v20 /v2 , so the ratio of any two numbers in V2 is in G.

(Note that n(1) and 1 have the same color.) Therefore
1/g = (v2 /gv2 ) ∈ G. So G is closed under reciprocals.

It is also closed under multiplication. Choose g and g0 in G. Then
m(gv2 |1, g0) = gg0 v2 = g00 v2 ∈ V2 .

This implies that gg0 = g is in G.



So the set of 5-colored points on X is a multiplicative group. The preceding
calculations imply a simple structure on V2 and V3 . For any v2 in V2 , V2 = {gv2 |g ∈
G}. Equally, V3 = {gv3 |g ∈ G} for v3 in V3 . Fix an element of V2 , which we will
denote v2o .
k(1|v2o , v3 ) = v2o v3 = g. Let v3o = v3 /g.
v3o = 1/v2o .
Furthermore, the reciprocal of every element in V2 is an element of V3 . The converse
is also true of course. Now, from equation 2,
k(x4 |v2o , v3o ) = 1/x4 ∈ X4 , so X4 is closed under reciprocals. From (3b),
m(v2o |x4 , x04 ) = (x04 /x4 )gv2 .

Thus, (x04 /x4 ) = ((x04 /x4 )gv2 )/(gv2 ) ∈ G. There is an element, xo4 of X4 such that
X4 = {gxo4 |g ∈ G}. To summarize, X4 , V2 , and V3 each have a single generator
over G. Now by equation 2,
k(xo4 |v2o , v3o ) = 1/xo4 = gxo4 , so xo4 is a real square root of 1/g for some g.

Now consider the quotient group H = (R1 /G). X4 is a coset of G, and
therefore it is a single element of H. (More precisely, X4 /G is an element of H),
and the element in question is the square root of a number in G. Call this, as an
element of H, χ4 . Since (xo4 )2 = g, which is in G, (χ4)2 = 1. Therefore, we can take
xo4 = −1, and X4 = {−g|g ∈ G}. Now, from equation 1,
h(v|xo4 , 1) = h(v| − 1, 1) = −1/v, so if v ∈ Vi , (−1/v) ∈ Vi for i = 1 or 2.

For v2 ∈ V2 , 1/v2 ∈ V3 , as we demonstrated previously. Therefore for every v2 in
V2 , −v2 is in V3 . Lastly however, this implies that
k(1/g| − v3 , v3 ) = v32 g = g0 .
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√
Therefore, v3o is the square root of some number xo in X4 . Say v3o = xo . (i.e.
xo = −g0 /g).
Let G∗ = G ∪ X4 . For g, g0 ∈ G and x, x0 ∈ X4 , xg ∈ X4 . Furthermore,
0
xx ∈ G and gg0 ∈ G. Together, this implies that G∗ is a multiplicative group.
Since every element of V2 is a G multiple of v2o and every element of V3 is a G
multiple of v3o = 1/v2o , the product of two numbers in Vi is a g-multiple of xo ,
for i = 1, 2, and any cross product v2 v3 ∈ G. Therefore the product of any two
numbers in V2 ∪ V3 is in G∗.
Let H ∗ be the set of products of numbers in V2 ∪ V3 . H ∗ is a group. It is
clearly closed under multiplication and reciprocals, since the reciprocal of a product
is the product of the reciprocals. Furthermore, it contains the number 1 because
v2o v3o = 1. H ∗ v2o = V2 ∪ V3 , so the union is a coset of H ∗ in the multiplicative reals.
We claim that the union is H ∗ . In the quotient space, denote the coset {V2 ∪ V3 }
by φ. Since (v2o )2 is in H ∗ , φ2 = 1, so {V2 ∪ V3 } = −H ∗ = {−h|h ∈ H ∗ }. For
v2 ∈ V2 , we know that −v2 ∈ V3 , and vice versa. Thus, −H ∗ = H ∗ . Therefore,
H ∗ = V2 ∪ V3 . Since H ∗ is a group however, either 1 ∈ V2 or 1 ∈ V3 . Assume that
1 is in V2 . Then 1/1 = 1 is in V3 , but this leads to a contradiction, because it
violates the condition that V2 and V3 be disjoint. Q.e.d.
Note: We could draw the same conclusion in a slightly different way. Since
1 ∈ G, −1 ∈ X4 , it follows that 1 ∈ V2 , and −1 ∈ V3 . Thus the unit circle has
all four colors on it. The conclusion is in any case that the Wild 5-coloring of
the 2-sphere is impossible, because the derived coloring of the lines X and V is
impossible.

4. Proof of Theorem 1 for the case n = 3
Now taking up the case of n = 3, we begin with a small lemma.
Lemma 4.1. Under the assumptions of Theorem 1, for all n ≥ 3 let C = (xi xj xk )
be an arbitrary circle meeting three colors. C cannot have a monochromatic arc.
Proof. First for n = 3. Assume the contrary. For definiteness, let C = (x1 x2 x3 ),
and suppose that the monochromatic arc lies in Γ1 . We need to treat two cases.
The first case is that C contains at least one other point of Γ2 or Γ3 . Obviously,
the alternative is that x2 and x3 are, respectively, the only points of C lying in
Γ2 and Γ3 . We begin with the first case. Assume there is an x02 in Γ2 . Up to an
inversive transformation T we can arrange that x2 = 0, that x3 = ∞, and that
C is the vertical axis. Let (a − b) denote a monochromatic interval on C. Finally,
select a point x4 , necessarily not lying on C.
The pencil of line through x4 and through a point x in the interval (a−b) (see
Figure 2) covers two connected regions which cannot meet Γ2 because they meet
Γ1 , Γ3 , and Γ4 ; i.e. meeting the interval (a − b), ∞, and x4 . Similarly, the pencil
of circles through the origin, x4 , and a point in the interval (a − b) cannot meet
Γ3 . The intersection of these regions therefore lies entirely within Γ1 ∪ Γ4 . The
shaded region shown lies within one of these regions. Now, fixing on the shaded
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region, every line through the origin that crosses this region intersects it on a

Figure 2
monochromatic arc which lies either in Γ1 or Γ4 . Since the region is connected,
there is an x0 in the region which is in the closure of both Γ1 and Γ4 . Consider
the line [x2 x0 ]. It is transverse to [0x0 ] at x0 , so it must meet both Γ1 and Γ4 .
By construction however it also meets Γ2 and Γ3 . So either this construction is
impossible or we have found a four-colored circle.
Now we can take up the second case, in which—continuing the previous
notation—the vertical axis lies entirely in Γ1 except for the origin and the point
at infinity. We see immediately that the origin can be the only Γ2 point on the
plane spanned by C and x4 , because if there was an x02 , we could use it to obtain
the same contradiction as before. Similarly, there cannot be any point in Γ3 on
this plane. The entire punctured plane, omitting the origin, lies in Γ1 ∪ Γ4 . Now
select x5 . The construction can be repeated on the plane spanned by C and x5 ,
and on the plane [0x4x5 ], which in the latter case implies that this plane lies in
Γ4 ∪ Γ5 . The latter result implies that the entire punctured three-space, excepting
the origin, lies in Γ1 ∪ Γ4 ∪ Γ5 . This is a contradiction however since it implies that
Γ6 is empty. The Lemma follows for n = 3.
For general n > 3 the same cases obtain. The proof in the first case is unchanged because it relies on a contradiction that occurs with the extension of C to
a plane containing C. The proof of the second case requires some further comment,
but the argument is essentially unchanged. In n dimensions, the coloring has (n+3)
colors. Choose a sequence {x4 , x5 , ..., xn+2} as before, That is, x4 is any point of
color 4, the plane spanned by C and x4 is four-colored. Then x5 lies off this plane,
and the three-space spanned by C, x4, and x5 is five-colored. So x6 lies off this
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space, and the four dimensional space spanned by C, x4, x5 , and x6 is six-colored.
It follows that the S n would be (n + 2)-colored, which is a contradiction.

Corollary 2. Given circle C and points x and x0 on C, C − {x, x0} consists of two
arcs. If these arcs meets colors i and j, different from the color of point x, we can
choose points xi and xj on C to lie in opposite arcs.
Proof. Choose any xi in one of the arcs. If the opposite arc does not meet Γj , Γi
must be dense in it, because it is bi-chromatic. So either the opposite arc contains
many j-colored points or it contains many i-colored points. If it is the latter case,
we simply choose xj lying in the first arc.

Proof. Proof of Theorem 1. For n = 3, suppose the contrary, which is that no two
sphere in S 3 is 5-colored. Select a circle (x1 x2 x3 ). Up to an inversive transformation, we can take it to be a line through the origin, with x1 = 0. The corollary
guarantees that if x2 lies on one side of the origin, there must be an x3 on the other
side. Now consider plane (0x4 x5 x6 ) through points x4 , x5 , and x6 . If it also contains the line (0x2 x3 ), it meets all six colors and we are done. Actually, the plane
cannot contain any points of Γ2 or Γ3 ; it must lie in the union Γ1 ∪ Γ4 ∪ Γ5 ∪ Γ6 .
From the previous lemma, we can assume that the ray of (0x2 x3 ) lying above
the plane contains a point in Γ2 and the ray below the plane contains a point of
Γ3 (or vice versa). The plane contains points x4 , x5 , and x6 , and corresponding
rays [0x4 ], [0x5], and [0x6 ]. Note that the ray through xj , j = 4, 5, 6, must be
bi-chromatic because the two lines through the origin, (0, x2 , x3 ) and [0xi ] span a
plane (a 2-sphere) which by assumption can only meet four colors: colors 1, 2, 3,
and i.
Let (x2 x3 x4 x5 ) be chosen so that the origin lies in its interior, which is
guaranteed by the fact that the origin lies between x2 and x3 . It intersects the
plane on a circle that contains the origin in its interior, and therefore it must meet
the ray [0x6 ]. It is therefore a five-colored sphere, since either a Γ1 or a Γ6 must
also meet (x2 x3 x4 x5 ).
For n > 3, the construction simply duplicates the construction for n = 3.
The only thing we need to verify is that the rays [0xj ], j = 4, ..., (n + 3), must be
bi-chromatic. Any such ray together with the line called (x1 x2 x3 ) above spans a 2plane, which can contain at most four colors. Otherwise, if this plane is five-colored
there must be a four-colored circle or line, as was demonstrated in §3. Starting
with a four-colored circle, select a point in Γ5 and generate the 2-sphere spanned
by the circle and the point. It is a 5-colored 2-sphere. Choose an x6 not on this
sphere and generate the 3-sphere spanned by the two-sphere and x6 . Continue out
to (n + 1) and a point x(n+2) to obtain an (n + 2)-colored (n − 1)-sphere. This
proves that either the rays are bi-chromatic or a contradiction ensues.
Now consider the (n − 1)-sphere containing (x2 x3 ...x(n+2)). It must meet the
ray [0x(n+3)] since the origin, 0, lies in the interior. It is therefore an (n−1)-sphere
containing (n + 2) colors.
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5. Proof of Theorem 2
Proof of Theorem 2 for the case n = 2: let T be the circle-preserving map in
question and let M be a five point set in general position contained in the image
of T . Define a partition Γ = {Γ1 , Γ2 , Γ3 , Γ4 , Γ5 , Γ6 } by
Γi = T −1 (mi ) for mi ∈ M, i = 1, 2, 3, 4, 5, and
Γ6 = S 2 − ∪Mi .

If Γ6 is empty we are done, because the first five sets are then a five-coloring.
There would be a four-colored circle—i.e. a circle containing points in four of the
five colors—so the image of that circle would contain four of the m’s. This violates
the condition that M lie in general position. If therefore Γ6 is not empty, the image
of T contains a sixth point m6 . We have demonstrated in [5] that T must be an
inversive transformation.
Proof. Proof of Theorem 2 for the case n = 3. Let T be a sphere-preserving map
of S 3 to itself, and per the statement of the theorem, suppose the image of T
contains a six point set in general position. Let Γi = T −1 (x0i ), i = 1, ..., 6, where
X 0 = {x01 , ..., x06} is a set in general position lying in the image of T . If the union
of these sets covers the domain, we have a contradiction because there would be
a five-colored sphere. That would imply that five of the six image points lie on
a single 2-sphere, the image of the five-colored sphere. Thus we conclude that T
has other image points. Let Γ7 denote the complement of the union of the first six
gammas. There must be a 2-sphere, S, that meets five of the seven gammas, and
Γ7 must be one of them. Assume for definiteness that this sphere is (x4 x5 x6 x7 ),
and that x3 is also on S. From Theorem 2 (n = 2) we know that the restriction
of T to this 2-sphere is an inversive transformation, so T (S) is the entire 2-sphere
(x04 x05 x06 x07 ). Any 2-sphere through x1 , x2 , and S (meeting S on a circle) maps to
a sphere S 0 , where S 0 ∩ Im(T ) is a set in general position, so T is an inversive
transformation on any such 2-sphere. If M denotes the domain swept out by these
spheres, it is easy to show that three-space is covered by the family of 2-spheres
intersecting M and containing a point x not in M . T must therefore be an inversive
transformation.

For general n, we proceed by induction. Let T be a sphere-preserving map
of the n-sphere and assume that the image of T contains a set of (n + 3) points
in general position. If this set comprised the entire image, the coloring with Γi =
T −1 (x0i ), i = 1, ..., n+3, where X 0 = {x01 , ..., x0n+3} is a set in general position lying
in the image of T . From Theorem 1, there would be an (n + 2)-colored (n − 1)sphere in the domain of T . That would imply that n+2 of the n+3 image points lie
on an (n − 1)-sphere, contradicting the assumption that the image lies in general
position. It follows that there must be an (n + 4)th image point x0(n+4). As in
the previous proof, let Γ(n+4) be the complement of the union of the n + 3 colors
already defined. There must be an (n − 1)-sphere, S (n−1) , in the domain colored
by n + 2 colors, one of which is Γ(n+4) . From Theorem 1, T must be an inversive
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transformation on this sphere, and in particular it must be a bijection. We can
then repeat the construction in the previous proof to arrive at the conclusion that
T must itself be an inversive transformation.

Proof of the Corollary which states that the sphere-preserving transformation
T is determined on a set of (n + 3) points: it remains to prove that we only need
to evaluate a sphere-preserving map on a set M = {xi |i = 1, ..., n + 3} consisting
of n + 3 points in general position. If T (M ) lies in general position, we are done
because the image of T then contains this set. Suppose however, that T (M ) does
not lie in general position, and specifically, that there is an (n − 1)-sphere S whose
complement meets T (M ) on only one point, x01 = T x1 . Consider the (n−2)-sphere
(x4 x5 ...xn+3) and the three (n − 1)-spheres (x1 x4 x5 ...xn+3), (x2 x4 x5 xn+3 ), and
(x3 x4 x5 ...xn+3). The point T (x2 ) must lie on T ((x3 x4 x5 ...xn+3)) = S. So T maps
both (x2 x4 x5 ...x(n+3)) and (x3 x4 x5 ...x(n+3)) into S. However, T is an inversive
transformation if and only if T −1 exists and is also an inversive transformation.
Far from being inversive however, this would imply that even if T −1 exists, it is
not even sphere-preserving.

Up to this point we have proved that Theorem 1 implies Theorem 2. This
proposition and its converse we state as theorem 3.
Theorem 4. Theorems 1 and 2 are equivalent.
Proof. All that is needed here is to demonstrate that Theorem 2 implies Theorem
1 since we deduced Theorem 2 from Theorem 1 already. Let Γ be an (n + 3)coloring of S n . Select a set {x1 , ..., xn+3} ⊂ S n in general position and define a
function T : S n → S n by T (Γi ) = xi . If the coloring has no (n + 2)-colored (n − 1)sphere, T is sphere-preserving trivially because the image of an (n − 1)-sphere
lies in a set that must lie in an (n − 1)-sphere. Since such a function T is not an
inversive transformation however—its image lies in a discrete set—a contradiction
of Theorem 2 ensues.


6. Coloring Rn
The general case of coloring n-space seems not to have been covered in the literature. The theorem corresponding to Theorem 1 is
Theorem 5. Given an (n + 2)-coloring of Rn , some (n − 1)-hyperplane is (n + 1)colored.
Proof. The proof is very easy, given Theorem 1. For n = 2, there are points
x1 , x2 , x3 , and x4 lying in four different colors. If three of them are collinear, we
are done. If not, they form a quadrilateral. Assume that the vertices are numbered
clockwise, so [x1 x3 ] and [x2 x4 ] are diagonals. They meet at a point x which lies in
one of the four colors, and which therefore 3-colors one of the diagonals.
For n > 2, map Rn into S n by stereographic projection, and color the North
Pole by an (n + 3)rd color. There is an (n + 2)-colored (n − 1)-sphere somewhere.
If it passes through the North Pole, it projects in n-space to an (n + 1)-colored
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hyperplane. If it does not, it projects to an (n + 2)-colored (n − 1)-sphere, S (n−1) ,
in Rn . This sphere contains an (n + 1)-colored (n − 2)-sphere which is the locus
of intersection of S (n−1) with a hyperplane. The hyperplane therefore meets these
(n + 1) colors.

The equivalents of Theorems 2 and 3 also follow trivially.

7. Conclusion
It remains an open question whether in Theorem 2 it is sufficient to assume merely
that T preserves circles. Specifically
Query: if T is a circle-preserving transformation of S n whose image contains
a set in general position (i.e. the complement of every (n − 1)-sphere contains at
least two points in the image of T ), is it necessarily true that T preserves spheres
of all dimensions from 2, ..., (n − 1)?
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